Abstract-This paper aims to present a novel approach to quickly update Thévenin equivalents of multinodal systems, which can be used to calculate long-term Voltage Stability Margins (VSMs) for real-time applications considering n−k contingencies in the grid. To accomplish this, a derivation of the Thévenin equivalent parameters of a multiport system based on the impedance matrix (Z bus ) is proposed. A new methodology to quickly update the Z bus of the system when n − k contingencies occur is explained using the matrix inversion lemma (MIL) and Kron reductions. The speed of this approach is due to the avoidance of inversion of matrices that is required when Thévenin equivalents are calculated using information of the admittance matrix of the network (Y bus ). Instead of this, only matrix multiplications between Z bus element and other vectors are necessary to obtain Thévenin equivalents. This approach proposes a solution for some of the current issues associated with the implementation of longterm VSMs in real-time systems.
I. INTRODUCTION
The continuous increase of loads in a power networks leads to the operation of this systems close to its limits. When those limits are related to the stability of the system (i.e., its ability to return to the initial conditions after having been subjected to a contingency), different categories of this phenomenon appears. These categories depend on the magnitudes affected and their duration.This work will address some problems related to longterm voltage stability, which is a phenomenon characterized by a slow decrement of the voltage in a power system caused by the increase of its load followed by a rapid decline in the magnitude of the voltage when the system is close to instability. This problem becomes worse if during the load increase, disconnection of elements occurs. In this situation, the resulting topology of the system generates an increased reactive power transferred to the load in certain parts of the network, accelerating the conditions for a voltage collapse. The period of time where this type of phenomenon happens can vary between a few seconds to several minutes [1] . Given this relatively long period of time, this phenomenon is called longterm voltage stability.
The long-term voltage stability analysis primarily aims to identify solutions that can be executed in the real-time operation of power systems. As discussed in [2] , the time frame of long term voltage stability issues in power systems should allows system operators to take actions to mitigate this condition. Consequently, the speed of the calculations required to provide signals to system operators or to develop automatic schemes to avoid voltage collapse is a pressing need. In fact, the most recent methodologies to detect voltage instabilities are oriented to the use of centralized information of the network such as the information provided by SCADA/EMS and synchrophasor systems [3] to timely determine these risky conditions.
The analysis of voltage stability has been a research subject in recent years. Within the current issues that should be tackled in terms of long-term voltage stability studies, the following are highlighted:
• Including the effects of disconnection of elements of the grid during large-scale voltage stability events
• Reaching reactive power limits of synchronous generators
• Including the actuation of devices that change the reactive power flow into the system, such as onload tap-changers (OLTCs), static var compensators (SVCs), and flexible alternating current transmission system (FACTS)
In particular, given that voltage stability problems are precipitated by single or multiple contingencies [4] , the detection of these disconnections and a fast update of VSMs are required for its proper application in real-time systems.
Based on two recent approaches for the analysis of voltage stability problems using Thévenin equivalents, this work will present a novel methodology for a fast calculation of Thévenin equivalents when the system is subjected to contingencies or disconnections. To accomplish this, a set of expressions to determine Thévenin equivalents based on the information of the impedance matrix of the system (Z bus ), and the incorporation of two mathematical tools of linear algebra (MIL and Kron), is proposed to quickly update this matrix when disconnection of equipment occurs in real-time applications. Those tools are the MIL and the Kron reductions.
II. REAL-TIME MONITORING FOR LONG-TERM VOLTAGE

STABILITY
This chapter will present a general review of current trends in long-term voltage instability detection and its classification based on the type of measurements used for their calculation. A summary of the state of the art in using Thévenin equivalents for voltage stability analysis is also presented in Section II-A, 978-1-5090-3270-9/16/$31.00 ©2016 IEEE emphasizing in three recent concepts developed to determine voltage instability by measurements at load locations. Finally, a new approach to calculate Thévenin equivalents by using the Z bus of the system instead of using the Y bus is presented in Section II-B.
A. Thévenin equivalents for long-term voltage stability analysis
Thévenin equivalents has been used recently as the basis to develop different approaches to detect and predict voltage stability problems in power systems. These approaches includes both local-based and wide-area-based measurements methodologies. The advantages and disadvantages of every proposed method depends upon the applications intended.
The first approaches in using Thévenin equivalents for voltage stability, propose their calculation by using local measurements of voltage and currents at load busbars. As described in [5] one way to determine long-term voltage stability issues is by defining Thévenin circles (circles with radius |Z T hev |) and tracking the apparent impedance of the load. Theoretically, when apparent impedance hits Thévenin circle the system goes to a voltage collapse condition. Thévenin equivalents of the system at every load location are calculated by using two or more measurements of its voltage and current (E and I) and by solving the following expression:
A similar work has been developed with the so-called Voltage Instability Predictor (VIP) [6] . In this approach, by measuring the "distance" between the apparent impedance of the load and the Thévenin equivalent impedance of the system, one can define the margin of the system before an unstable operation condition. One important advantage of this approach is that suggests the use of Thévenin equivalents for local calculations and the centralization of this computation for its use in widearea protection schemes.
The classical approaches to determine Thévenin equivalents at any given load location, by considering as static the rest of the loads of the system, have important limitations in properly representing the independent behavior of its loads during the normal operation of power systems. To address this limitation, interesting approaches as the one presented in reference [7] have been developed. In that work, the buses of the power system are divided into three categories: generator bus, load bus and tie bus (buses without generators and loads connected to it). As the current injections at tie buses is zero, a solution of the matrix equations of the load voltages in terms of its currents can be determined. In this process, Thévenin equivalents can be obtained from calculations over the Y bus of the system.
1) Voltage instability detection based on the concept of coupled single-port circuit:
This concept considers all loads in the system as constant-power type loads. One interesting approach based on this concept is presented in [8] . Following this approach, in the present work all loads and generators of the grid are kept out of the network. Therefore, the system can Fig. 1 . Simple radial system feeding a load Z LD be described in matrix form as in [8] :
The currents in this system can be obtained by solving Equation (2). Then, one can obtain:
where Z L and K are given by the following equations:
Furthermore, for every bus j in the system, the voltage V Lj can be expressed as follows:
where n G is the number of generators and n L the number of loads into the system.
In Equation (6) , one can define the Thévenin equivalents of the system as follows:
It can be noted that Thévenin equivalents can be affected by the topology of the network (represented by factors K ji and Z Lji ), the voltages at generation buses and the voltages and currents at load location. That is reason why under topological changes in the grid, these equivalents change and therefore their update is required for accurate calculations of VSMs.
2) Voltage instability detection using M-Index:
This approach is introduced in [9] and is an estimation of the VSM of a power system. This estimator has a linear behavior under load increase. The main advantage of this index is the capability of predict VSMs because of its linear behavior. Additionally, this index has the advantage of responding properly under different directions of load increase.
The M-Index uses a combination of the coupled single-port concept described in Section II-A1 and the fact that under load increase, the voltage phasor at the load in an equivalent system such as that shown in Figure 1 , lies into a locus defined by a circle [10] . Then, it is demonstrated that the critical angle of loadability of the system, δ cr and the critical voltage, V cr , are given by:
Equation (8) is an expression to calculate the minimum voltage of the system before a collapse (critical voltage). This expression is derived under the assumption that there are no limits of reactive power in generators and the power factor of the loads are constant during their increase. To apply this concept to a multi-load system, Equation (8) can be written for every load bus j as follows:
where,
Note that E eq j in Equation (9) and Z T hj in Equation (11), are given by Equation (7).
The M-Index proposed in [9] , is given by the following expression:
Then, the VSM using the M-Index can be expressed as follows:
where P is the actual active power of the system.
B. Calculation of Thévenin equivalents based on the impedance matrix
The system described in Equation (2) can also be written as follows:
where Y −1 bus = Z bus represents the impedance matrix of the system.
An expression for V L in terms of V G and I L that is equivalent to the one obtained in Equation (3) can be derived from (15), giving the following result:
Therefore, new expressions for K and Z L , equivalent to those obtained for Equation (3) , can be extracted from Equation (16):
With this new parameters K and Z L , the VSMs presented in Sections II-A1 and II-A2 can also be obtained.
The main advantage of obtaining the parameters to calculate Thévenin equivalents from the Z bus is the possibility of applying fast matrix calculations to update this information when the topology of the system change. This feature make this approach convenient for real-time applications.
It must be noticed that using Z bus instead of Y bus to determine Thévenin equivalents, implies losing the sparsity of this last matrix. However, as no iterative methods are required to conduct the voltage stability estimations proposed in this work, this condition does not affect the approach proposed.
III. USING THE MATRIX INVERSION LEMMA AND KRON REDUCTION FOR FAST CALCULATION OF THÉVENIN EQUIVALENTS
Despite the important advantages of the coupled singleport circuit concept in terms of the consideration of different phenomena of the grid into one single calculation, determining VSMs in the methods presented in Sections II-A1 and II-A2 requires the inversion of matrices to obtain the parameters of Thévenin equivalents (matrices K and Z L in Equation (3)). This condition can represent a risk for practical applications due to the computational efforts required for this type of tasks in large power system. This aspect becomes more relevant during long-term voltage stability events where the degradations of the grid caused by equipment disconnections are usually present.
One of the main advantages of determining Thévenin equivalents to estimate VSMs based on the use of the Z bus is the possibility to easily update the information of the network to calculate the VSMs, thereby avoiding inversion of matrices. This feature is a valuable capability for realtime applications because the voltage stability phenomenon is particularly important under n − k contingencies into the system. This section will present two mathematical tools that can be used to quickly update the Z bus of the system when an n − 1 contingency occurs and VSMs need to be updated. These tools are the Woodbury matrix identity (or MIL) and the Kron reduction technique. The use of these tools is well known in power systems so their application to voltage stability estimation will be illustrated. Additionally, the computational complexity associated with the matrix operations required to use those tools will be discussed.
A. The matrix inversion lemma
As presented in [11] , for an n × n symmetric matrix Y , which will represent the Y bus of a power system, the inverse of
−1 can be obtained as follows:
where μ is a scalar, a k is an n × 1 vector, and b k and γ are given by the following expressions:
It can be noticed that Equation (19) allows the determination of the updated Z bus of the system without performing inversions of its Y bus . It means that assuming that the initial Z bus of the system is available, future updates of this matrix due to topology changes can be performed just doing matrix multiplications. 
B. Admittance matrix modifications
To explain the concept of the updated Y bus , consider that a disconnection of the transmission line between buses 1 and 3 in the system shown in Figure 2 , occurs. The Y bus of the system before the disconnection of the line, can be expressed by the following:
If this system changes by the disconnection of the line between buses 1 and 3, the new Y bus of the system, Y n bus , will be given by the following:
where Δy 3 is the admittance of the line between buses 1 and 3 that should be subtracted from the diagonal elements Y 11 and Y 33 , and added to the off-diagonal elements Y 13 and Y 31 , and
Equation (23) shows that in general, for any line k added to or removed from a power system described as in Equation (22), the updated Y bus can be obtained as follows:
where Δy k is the admittance of the element that will modify the initial Y bus , being positive if the element is added to the system or negative if removed from it. a k is an n × 1 vector with 1 at position i and -1 at position j, corresponding to the buses where the element is added to or removed from the system. Equation (24) describes the modified Y bus matrix of the system in the form Y + μa k a T k , and its inverse can be easily calculated using the MIL described in Section III-A. Then, γ can be written as follows:
The term a T k Z bus a k can be expanded and the following expression can be obtained:
and the expression for γ becomes:
where z k = 1/Δy k is the impedance of the element added to or removed from the initial system.
The main advantage of this approach is that if the Z bus is provided as an input for VSM estimations, the calculations required to update these estimations when the topology of the system change, do not involve matrix inversions. This is computationally convenient for applications in real-time systems. Nevertheless, it should be considered that the MIL works only for n − 1 contingencies into the system. Therefore, if more contingencies are present, multiple calculations of the MIL must be performed.
C. Updating the impedance matrix considering shunt elements
When high-voltage systems are studied, the classical model considered for transmission lines, is the so-called pi-model. This model takes into account the line capacitance, that is a leakage (or charging) path for the AC line currents resulting from the differences of potential between the conductors and between the conductors and ground.
When the Y bus of a power system is constructed considering the shunt capacitance of their transmission lines, the updated Z bus obtained in Equation (19) will contain the effect of these shunt elements. Therefore, one more computation is necessary to properly update the Z bus of the system. In this work, Kron reduction is proposed to complement the update of the Z bus of the system when the capacitance of the line is considered. This methodology can be expanded to the analysis of the effect of other shunt elements in the grid. It is important to notice that connections and disconnections of this equipment, can be presented during real long-term voltage stability issues.
To explain how Kron reductions work, the methodology presented in [11] will be followed. To do so, Equation (28), should be studied. This equation represents the addition of a new impedance (z k ) between an existing node (node i) and a new node in the system (node k):
where Z n bus is the modified impedance matrix, Z i is the ith column of Z and Z ii is the iith element of Z.
The relationship between the new Z bus and the associated voltages and currents (V ref and I ref ) , can be written as follows:
As this study focuses on removing the shunt capacitances of the transmission lines that are modeled as parameters connected to the ground, V ref is 0 and Equation (29) becomes:
Then, to eliminate I ref from Equation (30) (Kron reduction), the second row of this equation is multiplied by −Z i (Z ii + z k ) −1 and added to the first row, obtaining the following: Hence, the new Z bus obtained by performing Kron reduction is as follows:
where z k = −1/(y/2) and y/2 is the shunt susceptance of the line removed from the system. This procedure should be performed twice to add/remove the shunt susceptances at both ends of the added/removed transmission line.
D. Computational efforts for using matrix inversion lemma and Kron reductions
The main advantage of using MIL and Kron reductions to calculate Thévenin equivalents is that the calculations required to update the impedance matrix of the system are the addition of matrices and the multiplication of a vector by a matrix. The computational complexity of these operations is considerable lower compared with inversion. Consequently, the speed of the calculations required to update the Z bus of the system and to obtain Thévenin equivalents, is substantially increased compared with previous approaches that need to perform inversion of matrices.
In order to give an idea of the computation times that could be saved by applying the methodology proposed in this work, the use of big-O notation functions for multiplication and inversion of matrices will be compared. The big-O notation defines a function O in terms of a variable n to express an estimation of the computational complexity. The variable n is the number of elements in the operation (Table I) . For the case under study in this work, n corresponds to number of buses of the system analyzed and the values obtained from the big-O functions are given in computational time units.
According with the information in Table I , the multiplications required to update the Z bus of the system when an n − 1 contingency takes place, could result in a polynomial of degree 2 by using Equations (19) and (27). In contrast, if the initial approach of using information of Y bus of the system were used, inversion of matrices would be required and this operation would be defined by a polynomial of degree 3. Furthermore, even with the use of more refined algorithms, the inversion of matrices will result in polynomials of degree 2.373 which is still higher than the one required for multiplications [12] .
IV. UPDADTING THÉVENIN EQUIVALENTS IN REAL-TIME
The approach proposed in this work suggests the use of the Z bus of the system instead of its Y bus to compute the Thévenin equivalents to perform long-term voltage stability estimations. As indicated in Section III, the use of the Z bus allows a quick updating of the information of the system when topological changes take place on it by using the MIL and Kron Fig. 3 . Flow chart for fast calculation of Thévenin equivalents for real-time steady state voltage stability estimation reductions. A summary of the approach proposed is illustrated in Figure 3 .
As shown in the left-side flow chart in Figure 3 , the process begins by considering the Z bus of the system as an input. This matrix can be obtained from any network application of the real-time platforms available in the power system such as SCADA/EMS or synchrophasor systems. The Z bus can also be introduced as a parameter calculated off-line and then been updated with real-time information of the topology of the system. In this latest case, the inversion of the Y bus could be required but should be performed off-line.
By having the Z bus , the following step is gathering the voltages and currents at every load bus of the system in phasorial form. As in the case of the Z bus , those voltages of the network can be obtained from SCADA/EMS systems, state estimator or synchrophasor applications in real-time. Then, the routine to calculate VSM can start (process "Calculate VSMs" in Figure 3 ). Once the VSMs has been obtained, they must be updated periodically considering the sample time of real-time systems (typically every 4 seconds). If there are no topological changes in the network, the update of the VSMs is performed only by updating the information of voltages in the system. However, if there is topological change in the network (n−1 contingency), prior to update the information of voltages, the Z bus of the system must be updated. If this is the case, the process "Modify Z bus with MIL and Kron reduction" in Figure 3 will take place.
The use of the MIL to update the Z bus of the system, is applicable for n − 1 contingencies of the elements that are contained in the Z bus of the system such as transmission lines, transformers, shunt capacitors o reactors. These contingencies as proposed in this work, are related with connection and disconnection of the mentioned power equipment. Therefore, if multiple contingencies are present in the system (n − k contingencies), multiple updates should be performed in the Z bus , considering just one element connection or disconnection at the time. In order to demonstrate the validity of the approach proposed in this work, a set of simulations and calculations were performed using the IEEE 9-bus, the IEEE 118-bus and the UIUC 150-bus test systems. The IEEE 9-bus test system will be used to illustrate the convenience of using the updated Z bus to calculate Thévenin equivalents and then use those equivalents to determine voltage stability margins. The IEEE 118-bus and the UIUC 150-bus systems will be used to validate the applicability of this approach in bigger power systems. For all test systems, normal conditions (no contingencies) and n−k contingencies will be analyzed.
The assumptions for the simulations consider a proportionally increase of the load impedance and the output power of generators, constant power factor of the load during its increase and infinite reactive power capacity on generators.
The first simulation performed is a comparison between the M-Index and the P-V curve as presented in Figure 4 . To do so, the load of the IEEE 9-bus test system is increased in steps of about 25 MW. Additionally, the expression 1 − Z T h /Z load is presented to illustrate the coherency of the results with the basic matching impedance criteria typically used to explain the voltage stability phenomenon [13] . Indeed, it can be seen that when the impedance of the load (Z load ) equals the impedance of the system (given by a Thévenin equivalent impedance Z T h ), the expression 1−Z T h /Z load is zero and coincides with the zero value given by the M-Index for the point of instability of the system. Now, the behavior of the VSM is be presented for conditions where the system is affected by n − 1 contingencies. Under n − 1 contingencies, the IEEE 9-bus test system suffers a serious reduction of its voltage stability margin due to the change in its equivalent impedance. In this condition the voltage stability margin is about 75 MW for a base power of 315 MW, which means that the maximum power in the system to maintain voltage stability is 390 MW approximately. This represents a reduction of 85% in the VSM with respect to the case where the system has no contingencies ( Figure 5 ).
The results in Figure 5 were calculated by updating the Z bus of the system, i.e. considering the Z bus of the outaged system (corresponding to the disconnection of the line between buses 4 and 7). However, if these indices were obtaining without updating the Z bus of the system, i.e. using the matrix for the system without contingencies, there is an overestimation of the VSMs. In fact as shown in Figure 6 , the maximum power to the load under n − 1 contingency conditions without updating the Z bus , is about 415 MW (corresponding to a VSM margin of 100 MW approximately for a base load power of 315 MW). Other important finding at this point is that in spite of the overestimation on the VSM, the index used for this simulations (M-Index) still shows a linear behavior along the load increase.
Moreover, as the main contribution of this work is to propose a way to calculate Thévenin equivalents based on the updated information of the Z bus of the system, Figure 6 presents the behavior of the M-Index for different Thévenin equivalents of the network. In this figure it can be also appreciated that without considering the update of the Z bus of the system, the M-Index for an n − 1 contingency could estimate a voltage stability margin of about of 100 MW for a base power of 315 MW. It would mean that the system could transfer 415 MW of load. However, as presented in Figure 5 , the maximum power of the system under this condition is about 390 MW. Therefore, not updating of the Z bus of this test system for an n-1 contingency would represent an overestimation of 20 MW in determining its maximum power and consequently in determining its VSMs. As established previously, for a base power of 315 MW the voltage stability margin is 75 MW (which corresponds to a maximum power of 390 MW) so that, the 20 MW of overestimation in the VSM would correspond to a 33% of error in this estimation. Furthermore, it can also be appreciated in this figure how the overestimation of the VSM is reduced to 6.7% by updating the Z bus of the system using the MIL and how there are no overestimation by using Kron reductions in addition to the MIL. Finally, the M-Index by updating both Z bus and Y bus is presented. It can be noticed that there are no differences between the calculation of this index using the approach proposed in this work (Z bus , MIL and Kron reductions) in comparison with the calculation using the approach initially proposed in the literature which is based on the use of elements of the Y bus .
In order to validate the applicability of the approach proposed in a bigger system, similar simulations were performed using the IEEE 118-bus and UIUC 150-bus test systems (Figures 7 and 8) . It can be appreciated that for these test systems, topological changes in the network due to equipment disconnections, can also seriously affect the estimation of VSMs.
VI. CONCLUSIONS AND FUTURE WORK
The use of the Z bus to determine the parameters required to calculate multi-load Thévenin equivalents, allows the use of the MIL to update the information contained in that matrix, when the topology of the system changes due to the connection or disconnection of power equipment such as transmission lines, power transformers or series and shunt compensators. As this update only requires additions and multiplication of vectors by matrices, the computation times are much lower than those required by the initial approaches that involves inversion of matrices. Special consideration should be taken into account when the Z bus should be updated due to the connection or disconnection of transmission lines. In these cases, the application of MIL only removes the series impedance of the line from the Z bus . Line shunt capacitances should also be removed or added to the Z bus to obtain a proper determination of Thévenin equivalents. To solve this issue, Kron reductions are proposed in this work. Kron reductions can also be performed by simple matrix summations, keeping the speed of this approach.
The next steps in this field can be the implementation of the methodology proposed in this work in a real-time cyber physical test bed, in order to investigate the details to construct the algorithms required for its application in real systems.
